ON GEOMETRICALLY EQUIVALENT S-ACTS 



YEFIM KATSOV 

Abstract. In this paper, considering the geometric equivalence 
for algebras of a variety 5^ of S'-acts over a monoid S, we ob- 
tain representation theorems describing all types of the equiva- 
lence classes of geometrically equivalent S'-acts of varieties s-^ over 
groups S. 



1. Introduction 

In the last decade, by Prof. B. I. Plotkin and his school, algebraic 
geometry was introduced in a quite general setting — namely, algebraic 
geometry over algebras of an arbitrary variety of universal algebras 
(not only of group varieties as, for example, in [1]) — that brought 
forth a fascinating new area of algebra known as universal algebraic 
geometry (see, e.g. [11], [12], [2], [13], and [6] for details). And 
one of the principal problems in algebraic geometry over algebras of a 
variety G of universal algebras involves studying interrelations between 
relations between algebras Gi and G2 of 6 and relations between Gl- 
and G2-g6ometries over them. As has repeatedly been emphasized in 
[E] , [H] , [12] , and [H], the fundamental notion of geometric equivalence, 
heavily based on congruence theories of finitely generated free algebras 
of the variety G, proves to be crucial and important in all investigations 
concerning this problem (one may consult [13], [3], [3], [H], and [H] 
for activity, obtained results and open problems in this direction). 

In this paper, continuing studying problems associated with alge- 
braic geometry over algebras of varieties s-^ of S'-acts over monoids 
S, initiated in [7], we consider the geometric equivalence of algebras 
in the varieties s^. After introducing some notions and facts of alge- 
braic geometry over algebras of 5^ needed in a sequence, in Section 
3, among other results, we obtain the main results of the paper — 
the representation theorems (Theorems 3.21 and 3.22) — describing 
all types of the equivalence classes of geometrically equivalent S'-acts 

1991 Mathematics Subject Classification. Primary 20M30, 20M99; Secondary 
08C05, 20M50. 

Key words and phrases. S'-acts over monoids, geometric equivalence of algebras, 
universal algebraic geometry. 



2 



YEFIM KATSOV 



of the varieties 5^ over groups S. We conclude the paper by stating 
three open problems, delineating quite interesting and promising, in 
our view, directions for further investigations. 

Finally, all notions and facts of categorical algebra, used here without 
any comments, can be found in for notions and facts from universal 
algebra, we refer to [5]. 

2. Basic preliminary notions and facts of algebraic 
geometry over s-acts 

2.1. Algebraic varieties and closed congruences. Recall (see, e.g. 
[H] ) that a left S- act over a monoid S* is a non-empty set A together with 
a scalar multiplication (s, a) i— )■ sa from S x A to A such that Isa = a 
and {st)a = s{ta) for all s,t E S and a E A. Right S-act over S and 
homomorphisms between S-acts are defined in the standard manner. 
And, from now on, let sA denote the category of left S'-acts over a 
monoid S. Then (see, for example, [8]), a free (left) S'-act with a set of 
free generators, or a basis set, / is a coproduct U^^j Si, Si = sS, i E I, 
of the copies of sS in the category sA.. It is obvious that two free S-acts 
JJjgj- 5*4 and Ujgj>S'j are isomorphic in sA. iff |/| = and, hence, by 
[6l Definition 2.8] sA is an IBN-variety. Let Xq = {xi, X2, ■ ■ ■ , Xn, ■ ■ ■} 
C be a fixed denumerable set of an infinite universe U, and sA^ the 

def 

full subcategory of free S'-acts Fx = Uxgx '^^•5 C W, |X| < 00, with 
a finite basis X of the variety sA. 

For a fixed S'-act G e \sA\ of the variety sA and a free algebra 
Fx G 1 I, the set sA{Fx,G) of homomorphisms from Fx to G is 
treated as an affine space over G consisting of points (homomorphisms) 
fx : Fx — > G. Any system T = {s^^ = ty^\ Xi,yi G X, s^^ G S^^,ty^ G 
Sy^,i G /} of the equations in free variables of X in Fx can be obvi- 
ously viewed as the binary relation T C Fx x Fx on Fx, and a point 
(homomorphism) fi : Fx — > G is a solution of T iff fi{sxi) = /^(^j/J for 
any equation = ty. of T, i.e., iff T C Ker fi. Thus, for any set of 
points A C sA{Fx,G) and any binary relation T C Fx x Fx on Fx, 
the assignments 

T I — yTc=^{fi:Fx — yG\TC Kerjj} and A ^ A' =^ n^e^iTer/i 

define the Galois correspondence between binary relations (or systems 
of equations) T on Fx and sets of points A of the space sA{Fx,G). 
A congruence T on Fx is said to be G- closed ii T = A for some 
point set A C sA{Fx, G); a point set A is called a G-closed set, or an 
algebraic variety, in the space sA{Fx,G) ii A = Tq for some relation 
T on Fx- As usual, the Galois correspondence produces the closures: 
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A' =^ (A') and T" =^ (Tg) . And one easily obtains the following 
observation. 

Proposition 2.1. A congruence T C Fx x Fx on Fx is G-closed 
tffT = T". 

Proof. Let T = A for a point set A C sA{Fx,G), i.e., T = 

n^gA-f^er/i. Then, Tq = {X : Fx — >■ G| n^gA-f^er/i = T C i^'erA}, and 
hence, T = H^^g^' KerX = n^^AKerfi H^^j,' .^^^ KerX = fl^gA-^er/x = 
T. 

T = T" = (Tq)' = A', where A = Tq. □ 

Corollary 2.2. (c/. O Proposition 2.1]) ^4 congruence T C Fx x Fx 
on Fx is G-closed iff there is an embedding fi : Fx/T >— > G^ for some 
set J. 

Proof. Since T = T" = (T^)', by Theorem 20.2] Fx/T is a 

subdirect product of the S-subacts Fx /KerX C G of sG, X G Tq, and 
therefore, there exists an embedding Fx/T ^ G'^ for the set I = Tq. 

■'^=. If fi : Fx/T ^ G'^, and Hi : G^ ^ G, i E I , are the canonical 
projections, then T = fljg/fCer VTjyU. □ 

Analogously, we have 

Proposition 2.3. A point set A C sA{Fx, G) is an algebraic variety 
iff A = A". 

Proof. Let A = Tq = : Fx — > G\ T C Ker^x] for some 

relation T C Fx x Fx on F^. Then, A = fl^gA-^er/x ^ T and, 
hence, A = {A : Fx — > G\ T <Z n^^AKerfi C KerX}, and therefore, 
A"CACA". 

<^=. Obvious, as y4 = y4 = (y4 = T) . □ 

2.2. The functors AIvq and GIq over We consider two natural 
functors: AIvq : — ^ Set and G/g : — > Set. 

a) A/wg : 5^° — ^ 5et. For any Fx G U^^l, =^ { ^1 ^ ^ 
5^(Fx,G) &i A = A }; and for any homomorphism s G ^^"(Fy,^^) 

and B = {fi : Fy — > G\ B' C Kerjj} G =^ 
s-i^ =^ {a : Fx — > G\ as E B} = {a : Fx — > G\ sB' C Kera}, 
where the relation sB' =^ { {'jJ,uj') G Fx x Fx| ^{ijJq,uj'q) E B' C 
Fy y< Fy : s{uo) = u Sz s{ijJq) = u }. 

b) Gh : isAyP — > ^et. For any Fx G C/cli^x) '= { T| 
7" C Fx X Fx & T = T }; and for any homomorphism s G sA^^Fy, Fx) 
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and T = T" = (T^)' = n^^^' Kera C Fx x Fx, CIg{s) = s-^T =^ 
n ^rr' Ker sa Fy X Fy. 

One can easily see that the just defined mappings AIvq and CIq are 
indeed covariant and contravariant functors, respectively. Also, from 
the results of yj:, Section 2.2] it is easy to see that for any Fx € l^^^l 
the sets AIvg{Fx) and CIg{Fx) are meet-semilattices with the respect 
to the natural partial orders on the set of all subsets of s-A~{.Fx,G) 

and Fx x Fx, respectively. Moreover, if we define A\JB = {A U 

S)"and T1DT2 =^ (Ti UT2)"for any A, B e AIvg{Fx) and Ti,T2 e 
CIg{Fx), the sets AIvg{Fx) and CIg{Fx) become lattices, and by [HI 
Proposition 2.4] (see also |T2l Proposition 4]) the assignments T 1 — > T 
for each T G CIg{Fx) establish a dual isomorphism between the lattices 
CIg{Fx) and AIvg{Fx). Following [HI Definition 2.4], we call an S-act 
G geometrically stable iff AUB = AU B for any Fx G \sA°\ and A,B^ 
AIvg{Fx), or, as one can easily see by using the results of [TH Section 
2.2], iff (T; UT2) = (Ti nT2)'for any Fx G \sA'\ and T,, G CIg{Fx). 
Thus, considering a particular case of the varieties sA., namely the case 
when the monoid S = {1}, and therefore, sA is just the category Set 
of non-empty sets, and in contrast to [121 Theorem 1], we have the 
following observation. 

Proposition 2.4. In Set, the singletons are the only geometrically 
stable sets. 

Proof. Let G, X G Set, and |G| = 1. As it is clear that all congruences 
on X are just equivalence relations, CIg{X) has only the universal 
equivalence relation, and |y4/t>G(X)| = 1, G is geometrically stable. 

Let G, X G Set, \G\ > 2, and T an equivalence relation on X. Then 
from obvious and well-known set theory facts, there are embeddings 
X/T ^ 2l^/^l >-> G""^^ , and therefore, by Corollary 2.2 the equiva- 
lence relation T is G-closed. Now take X = {xi, X2, xs}, and let Ti = 
{{xi,xi), {x2, X2), (x3, X3), (xi, X2), (x2, xi)} and T2 = {{xi,Xi), {x2, X2), 
{x3,X3), {x2,X3), {x3,X2)} be equivalence relations on X. Then, (Ti fl 
T2) = {{xi,xi), {x2,X2), {x3,X3)} and (TinT2)' = Set{X, G); and T[ = 
{a:X^G\ a{xi) = a{x2)}, = {(3 : X G \ /3(x2) = /^(xg)}. 
For (71,(72 ^ G, gi ^ g2, there exists 7 : X — > G such that 7(xi) = 
7(2:3) = gi and 7(2:2) = (72- Thus, 7 e (T^ n T2)', but ^ ^ {T[u T'^). 
□ 
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3. Geometrically equivalent S-acts 

For varieties of S-acts, the notion of geometric equivalence is defined 
as follows. 

Definition 3.1. (c/. [H Definition 3.1] and p]) Two S-acts Gi, Ga e 

1 5^1 are said to be geometrically equivalent, Gi ~ G2, iff Tq_^ = Tq^ 
for any binary relation T C Fx x Fx on any free S'-acts Fx € |5-4.°|, 
i.e., iff ClciiFx) = Clc^iFx) for any free S'-acts Fx G \sA^\, or iff 
C/gi = C/ca as functors. 

From the proof of Proposition 2.4 one immediately obtains the fol- 
lowing description of geometrically equivalent classes in Set. 

Theorem 3.2. In Set, there are only two classes of geometrically 
equivalent sets: singletons, and all sets with more then one element. 
□ 

Lemma 3.3. For any relation T C Fx x Fx and monomorphism 

Proof. Indeed, Tq_^ = {a : Fx — > Gi | T C Ker a = Ker /ia}, 
Tc^ = {(3 : Fx G2\T C KerP} D {^a : Fx G2 \ a : Fx 
Gl & T C Ker a}. Therefore, Tq = H^g^' Ker a = H^^^/ Ker 

Gl Gl 

fia D n og^.' Ker [3 = Tq^. □ 

Corollary 3.4. ( |14l Proposition 3.1]) G ^ G^ for any G and any set 
L 

Proof. Because of the diagonal embedding G ^ G^, it follows from 
Lemma 3.3 that Tq 3 T^i for any relation T C Fx x Fx- 

Now let TTi : G^ ^ Gi, Gi = G, i & I, be the natural projections, T a 
binary relation on Fx, and a G T^j. Then, T C Ker iTia for any i E I, 
and, hence, vrjO; G Tq, i E L And it is clear that Ker a = (li^iKer 
Ilia 3 n^g^' Ker [3 = Tq, and therefore, Tqj = H^^j,' Ker a 3 Tq. 
□ 

The next observation will prove to be a quite useful generalization 
of Corollary 3.4. 

Corollary 3.5. Let for Gi and G2 there exist sets I and J and em- 
beddings Gl ^ G2 and G2 ^ Gf . Then, Gi ~ G2. □ 

Now let ^ s-^ be a subvariety of the variety 5^. As is well-known 
(see, for example, [lOl Chapter VI]), a free algebra with a finite basis 
X in the variety is, in fact, the factor algebra Fx/r of Fx G \sA^\ 
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modulo r, where r is a corresponding verbal congruence. For a congru- 
ence T on Fx It and the epimorphism vr : Fx -» Fx It corresponding 

r, let vr^^T G Fx x Fx| (7r(w), 7r(u;')) G T} be the inverse 

image of the congruence T. In these notations, we have the following 
observation. 

Proposition 3.6. For any G G \sS\, the mapping T i — > ti~^T is a 
bijection between the sets of G-closed congruences in sB and in sA. 

Proof. Let T be G-closed in s^- Then, Tq = {a : Fx It — G 
I T C Ker a} and T = Tq = H^g^' Ker a. One may easily see 
that the latter is a limit of a corresponding diagram, and therefore, 
applying the results of P, Section 9.8] on iterated limits, obtain that 
TT^^r = r\^^j,i^Ker an, and, hence, 7i~^T is G-closed in s-A, too. 

Now, if a congruence T on Fx is G-closed, then, since G G \sB\, one 
has T = HaeAKer an for some A C sB{FxIt,G), and, again taking 
into consideration the iterated limits, obtains that T = n~^{r\aeAKer 
a). As HaeAKer a is a G-closed congruence on Fx It, we conclude 
that any G-closed congruence on Fx is an inverse image of G-closed 
congruence on Fx It. 

Noting that nln^^T) = T for any congruence T on Fx It, we end 
the proof. □ 

Corollary 3.7. ([HI Proposition 3.2]) For any two algebras Gi,G2 G 

\sB\ of a subvariety of the variety sA, Gi ~ G2 in sA iff Gi ~ G2 
m sB. □ 

Defining an S-act A to be trivial iff sa = a for any s G 5 and a G A, 
one readily sees that all trivial S'-acts form a subvariety of the variety 
sA, defined by the identities Wx{sx = x), s E S, and actually coinciding 
with Set. From this observation. Corollary 3.7, and Theorem 3.2 we 
have 

Corollary 3.8. In sA, all trivial S-acts of cardinality greater than 
one are geometrically equivalent. □ 

As usual, an S-act A G \sA\ is cyclic if there is a E A such that 
sA = {Sa}, and sA is called simple if it has no proper subacts. It is 
obvious that any simple act is cyclic. 

From now on, we assume that a monoid 5* is a group. Then, it is 
clear that any cyclic act is simple, and, by P, Proposition 1.5.34], any 
act A G \sA\ is a disjoint union, or a coproduct in the category sA, 
of simple (cyclic) subacts. Moreover, using ^ Proposition 1.5.17], one 
can easily see that for any cychc act ^G there exists a subgroup G of S* 
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such that sG is isomorphic to the act sS/G of the left cosets modulo G; 
and, therefore, any A G \s-A\, in fact, can be considered as a coproduct 

of suitable left cosets sS/G = sG of the group S. 

Proposition 3.9. Let G and H be subgroups of a group S , and the 
cyclic S-acts sS/G = sG and sS/H = sH geometrically equivalent. 

Then there are a,(3 G S such that a~^Ga C H and 

(3-^H(3 C G. 

Proof. Let Ti = {{sgi,sg2) \ gi,g2 e G, s e S}, T2 = {{shi,sh2) \ 
^1,^2 & H , s E S} he the congruences on the act 56*, and tti : sS — > 
sS/Ti = sS/G = sG, TT2 : sS — > SS/T2 = sS/H = sH the canonical 
epimorphisms corresponding to the subgroups G,H C S, respectively. 

As Ti = Ker tti, Ti G CIq{sS), and, since G ~ if, Ti G Cl-^isS), 
too. Therefore, there exists a homomorphism / : sS — > sH such 
that Ker / ^ Ti, and, hence, there is such a homomorphism a : 
sG — sH that / = avTi. From this and noting that the free object 
G \sA\ is obviously projective in the category (see, also [SI 
Proposition III. 17.2]), we have ani = H2a for some a : sS — > sS. 
Agreeing to write endomorphisms of 56" on the right of the elements 
they act on, one can easily see that actions of endomorphisms actually 
coincide with multiplications of elements of sS on the right by elements 
of the monoid S, and, therefore, End{sS) = S, and, thus, Vs G : 

a{s) sa, where a G S". Then, from the equation ani = 7r2tt, we 
have: {sgi, sg2) G Ti =^ {sgia, sg2cx) G T2 giah = g2a for some 
h E H <^==^ {a~^gia)h = a~^g2(y for some h E H. Therefore, we 
have that = a~^Ga C tH for some t E S. Show that, in fact, 
t E H. Indeed, if gi.g2 E G, then there exist hih2,h^ E H such that 
a~^gia = thi,a~^g2a = th2,a~^gig2C( = th^, and, hence, th^ = thith2 
from which immediately follows that t E H. Thus, we have proved an 
inclusion G" = a'^Ga C H for some a E S. 

By symmetry, we also obtain an inclusion = I3~^HI3 C G for 
some (3 E S. □ 

Proposition 3.10. Let G and H be subgroups of a group S , and 
H CG. Then, sH ^ sG. 

Proof. Let ttq : sS — > 5G, ttjj : sS — ¥ sH be the canonical epimor- 
phisms corresponding to the subgroups G,H C S, respectively. Then, 
T = Ker n-ff = {{s,t) \ s,t E S &: sH = tH} obviously is an ^if-closed 
congruence, i.e., T = Tjj. 
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Hence, assuming sH ~ sG, we have that T is an sG-closed congru- 
ence, too; and therefore, there exist a family of homomorphisms fi : 
sS — > sG,i G /, such that T = flig/fCer /j. However, using the 
Yoneda lemma (see, for example, |El Section HI. 2]) and the fact that 
sS is a projective(free) object in the category s-A, one immediately has 
that for any i E I, there exists an isomorphism a, G IsosA{sS,s S) = S 
such that fi = n-Q ai, and therefore, Ker fi = Ker tijj ^ T = Ker 
Tijj. Thus, T ^ Hif^iKer fi. □ 

Lemma 3.11. Let G and H he subgroups of a group S, and = 
a~^Ga = H for some a E S. Then, sH = sG in sA, and there- 
fore, sH sG. 

Proof. Using the equation Ga = aH, it is enough only to show that 
assigning sG 3 sG i — )■ saH G sH for any left G-coset sG G sG, one 
establishes an isomorphism in 5^. And this fact can easily be checked 
in a habitual fashion. □ 

Theorem 3.12. For any subgroups G and H of a group S, sH ~ sG 
iff = H for some a G S*. 

Proof. «^=. This follows from Lemma 3.1L 

By Propositions 3.9, 3.10 and using Lemma 3.11, one obtains 
that G'^ = H. □ 

Corollary 3.13. For normal subgroups G,HCS,G^HiffG = H. 

In particular, for any subgroups G, H of an abelian group S, G ^ H 
iff G = H. □ 

In what follows, let z, perhaps with indexes, denote a singleton con- 
sidered as a trivial S'-act, so to speak, a zero 5- act. Using this agree- 
ment, we obtain 

Proposition 3.14. For any S-act A G \sA\ without zero subacts, the 
following statements are true: 

(i) AUzi^AU{ziU^2); 

(11) AY[{ziY[z2) ^ AY[{Y[^^^ Zi), where \I\ > 1. 

Proof, (i). Let Fx = S^^ Y[Sx2 for X = {xi,X2}, and a : Fx — > 
^ 11(^1 U -2^2) be defined as a{Sxi) = zi and Oi{Sx2) = -22- Then 
Ker a = {{sx^,t^^) \ s^^^^t^^ G S^^} U {(M^.2,fx2) I M^aj^n-a ^ 'S'^^.J G 
GIau{ziUz2){^x), but it is clear that Ker a ^ GIauzi{Fx)- 

(ii) . Since |J| > 1, there is an obvious embedding A ]J 2:2) ^ 
A Consider S'-act LK-^i II -^2)]^ and the embedding 
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^ IKlJiG/ ^i) ^ [^11(^1 U ^2)Y defined as a i — > (a, a, . . . , a, . . .) for 
any a & A, and let Zi go to the string having zi in the i-th place and 
Z2 everywhere else for any i & I. Then, applying Corollary 3.5, we end 
the proof. □ 

Introducing A'^*^^ =^ llie/ A, A ^ sA i ^ I, for any sA e |5^| and 
any set /, we also have 

Proposition 3.15. For any S-act A e l^^l without zero suhacts, 
B e 1 5^1, and I with \I\ > 1, the following statements are true: 

(i) B]lA^*)'Y[^,^BY[AY[z,; 

(it) B u A^*^' u (^1 U ^2) ~ s u ^ U (^1 U ^2) . 

Proof, (i). Consider 5'-act [^^U^U^i]^ and the embedding B ]J 
^W-^U^i ^ [^U^U^i]^ such that a & Ai ^ A Q goes to 

the string having a in the i-th place and Zi everywhere else for any 
i & I, and zi 1 — > {zi, zi, . . . , zi, . . .), b 1 — > {b,b, . . . ,b, . . .) for any 
b & B. Prom this, taking into consideration an obvious embedding 
BjJAlJzi^ B II A^*^^ U -^1 and applying Corollary 3.5, we get the 
statement. 

(ii) . Just using the embedding B ]} A^*^^ ]J (^i ]J ^2) [5 U ^ U 
(2;i]j2;2)]^ such that a & Ai = A C A^*^^ goes to the string having 
a in the i-th place and zi everywhere else for any i & I, and zi 1 — >■ 
{zi, zi, . . . ,zi, . . .), Z2 I — > {z2, Z2, . . . ,Z2, ■ ■ ■), and b 1 — > {b,b, . . . ,b, . . .) 
for any b & B, we end the proof in the similar way as in (i). □ 

Proposition 3.16. B U N^*^^ ^ B Y[N and N^*^^ ~ N for any 
proper normal subgroup N < S of a group S, B & \sA\, and I with 
\I\ > 1- 

Proof. Since A?" is a normal subgroup, one can readily get the embed- 
ding B U N^*^^ ^[BY[NY such that si eWi = TV C N^*^^ goes to 
the string having si in the i-th place and st everywhere else for any 
i E I, where l,tEN are the cosets modulo N containing 1 E S and 
t E S , respectively, and 1 ^t, and b 1 — > {b,b, . . . ,b, . . .) for any b E B. 
Prom this, taking into consideration an obvious embedding BY[N ^ 

B \J N and applying Corollary 3.5, we get the statement. □ 

Proposition 3.17. For any S-acts A,Be \sA\ without zero suhacts, 
the following statements are true: 

(i) A^B]Xz; 

(ii) A^BY[{z,Y[z2). 
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Proof, (i). Let Fx = SxiW_Sx2 for X = {xi,X2}, and a : Fx — > 
BY[z he such a homomorphism that a{Sxi) Q B and alSx^) — z. 
It is obvious that a non-universal congruence Ker a e CIb u z{Fx)', 
however, Ker a ^ CIa{Fx)- 

(ii). The same arguments as in (i) work well for this case, too. □ 

Proposition 3.18. For any S-act A G \s^\ md I with \I\ > 2, 
Ai*)i ^ ^(*)2^ where A^*^^ - with A^^A^ A^. 

Proof. Consider the embedding A^*)^ ^ (A^*)^)^ = (AiU^a)^ such 
that a G Ai = A C A^*'^^ goes to the string having a G Ai in the 
i-th place and a & A2 everywhere else for any i & L Then, using the 
obvious embeding A^*)^ ^ ^(*)^ and applying Corollary 3.5, we get the 
statement. □ 



Proposition 3.19. Let for S-acts A, B E Is-^l there exist embedings 

A^ B^ and B ^ A^ for some sets I and J. Then, C JJ A ~ C JJ £ 
for any C e \sA\. 



Proof. Consider the following embeddings C]JA ^ C]J-B 

{C ]J B)^ , where the last embedding defined as follows: C 3 c 1 — > 

(c,c,...) e {CUBY and CUB' 3 ^ (fe.W G (CU^)'- 

Then, considering the similarly defined embeddings C ]J -B ^ 

A X 1 

C ]J A'^ H-> (C ]J A)"^ and using Corollary 3.5, we end the proof. □ 
Corollary 3.20. For any S-acts A,C e \sA\ and I with \I\ > 2, 

Proof. This follows from the embeddings defined in the proof of Propo- 
sition 3.18 and Proposition 3.19. □ 

The relation ~ of geometric equivalence on the class l^^l of objects 
of the variety 5^ is clearly an equivalence relation. Thus, denoting by 

[Af^ { B \B e \sA\ k B ^ A} the class of all 5'-acts geometrically 
equivalent to an S'-act A, we obtain the following a representation 

theorem for the ^-equivalence classes of the relation ~, generalizing 
Theorem 3.2. 

Theorem 3.21. Let {Gj} be a family of subgroups Gj G S of a 
group S, j e J, only containing exactly one subgroup of each of the 
conjugate classes of proper non-normal subgroups of a group S, and 
< S, m & M, all proper normal subgroups of S. Then, for any 
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S-act A G |sv4|, the r^- equivalence class [A\ has a representation of 
exactly one of the following three possible types: 

(i) WXkizK^k*^'^ UteT ^< UzeL -^'1 ' where K,T , and L are some sub- 
sets of J and M, respectively, and K HT = 
(^V [UkeK G^ilieL NiU^],KCJ,LC M; 

[UkeK Gk UzeL iV, U ^1 U ^2] , C J, L C M. 

Proof. As was mentioned above, from [8[ Propositions 1.5.17 and 
1.5.34] one readily gets that any S-act A e is isomorphic to a 
coproduct of some Gj, j G J, and zero S'-acts. From this, and us- 
ing a transfinite induction if a group S contains an infinite number 
of subgroups, i.e., | J U M\ > u, the result immediately follows from 
Propositions 3.14, 3.15, 3.16, 3.17, and Corollary 3.20. □ 

As a corollary of Theorem 3.21 and Corollary 3.13, we obtain a sim- 
pler version of a representation theorem for the ~-equivalence classes 
of S'-acts over abelian groups S. 

Theorem 3.22. Let Gj C S, j G J, be all proper subgroups of an 

abelian group S. Then, for any S-act A G \s-^\, the ^-equivalence class 
[A] has a representation of exactly one of the following three possible 
types: 

(^^) []lkeKGk]lzlK<ZJ; 

(m) []l,^j,Gu]lz,Y[z2lKCJ. □ 

Corollary 3.23. In s-A over an abelian group S of a prime order p, 

there are only the following three ^-equivalence classes: [S], [SY[z], 
and [S ]J 2i ]J Z2] . □ 

Remark 3.24. Let S be an abelian group of a prime order p. Then, 
SJJ^ is an injective envelope (see, [H Section 3.1]) of S, however, 

S ^ S ]J z. Moreover, from Theorem 3.21 it is easy to see that for any 
S-act A G 1 without zero subacts, A and its injective envelope are 
not geometrically equivalent. 

Using [HI Theorem 3.1.8 and Exercise 3.1.9], we obtain another corol- 
lary of Theorem 3.21. 

Corollary 3.25. Let Gj C S, j G J, be all proper subgroups of a group 

S. Then, for any injective S-act A G \s-^\, the ^-equivalence class [A] 
has a representation of exactly one of the following two possible types: 

(^) {]lkeKGl]lzlK<ZJ; 
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Using Proposition 3.16, we also have 

Corollary 3.26. In s-^, M free S-acts are geometrically equivalent, 
i.e., they are in [S], provided \S\ > 1. □ 

In conclusion, we state the following, in our view, interesting and 
promising problems. 

Problem 1. Our conjecture is that in general the ~-equivalence 
classes [A] in Theorems 3.21, 3.22, and Corollary 3.25 may have differ- 
ent representations of the same type. Therefore, it would be interesting 

and important to describe groups S over which any ~-equivalence class 
[A], A E 1 5^1, has a unique representation of the given types. 

Problem 2. In light of Corollaries 3.25 and 3.26, in which were consid- 
ered the classes of injective and free S-acts, respectively, it is interesting 
to obtain analogs of those results for other homological classes of S'-acts 
(see, e.g., 0). 

Problem 3. To extend the considerations results of the present paper, 
obtained for S'-acts over groups S, to some other interesting varieties 
sA over "nice" monoids S. 
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